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Ž .and Nastasescu 1981, Comm. Algebra 9, 13951426 give information about rings˘ ˘
that have Krull dimension or are noetherian relative to a torsion theory. The aim
of this paper is to extend these results to rings R having relative Krull dimension
with respect to a hereditary torsion theory  on Mod-R such that any -torsion-free
right R-module M has nonempty assassinator. Since any ideal invariant hereditary
Žtorsion theory has this property in view of a recent result by the authors 2000, J.
.Algebra 229, 498513 , these results apply in particular to the commutative case.
 2001 Academic Press
Key Words: hereditary torsion theory; ideal invariant; -Krull dimension; classical
-Krull dimension; tame; -module; -artinian; -noetherian; bijective -Gabriel
correspondence; fully -bounded; assassinator; -restricted strong second layer
condition.
INTRODUCTION
In this paper we investigate various questions concerning rings with
-Krull dimension, such as the structure of -modules and tame modules,
the bijectivity of the -Gabriel correspondence, fully -boundedness, evalu-
ation of classical -Krull dimension, etc., where  is a hereditary torsion
theory on Mod-R with the following property:
† Ass M  for every -torsion-free right R-module M 0.Ž . Ž .
We adopt this general setting of a ring with -Krull dimension satisfying
Ž .property † as a means of unifying the methods used by Asensio and
     Torrecillas 5 , Gordon and Robson 8 , Kim and Krause 11 , and
 Nastasescu 15 to investigate the structure of -modules and tame mod-˘ ˘
  Ž .  ules, the bijectivity of the correspondence E Ass E , where E is the
isomorphism class of an indecomposable injective module E, and the
Ž .structure of rings whose torsion-free injective modules satisfy various
restrictions that arise naturally from these objects. Numerous results from
the aforementioned sources are shown to hold true for the larger class of
Ž .rings with -Krull dimension that satisfies † . Our approach is significant
since this class of rings includes rings with Krull dimension, -noetherian
Ž .rings hence, -artinian rings and, of course, noetherian rings , and rings
with -Krull dimension, where one of the following is true:  is ideal
Ž .  invariant hence, commutative rings with -Krull dimension or E 
Ž .  Ass E is bijective when restricted to the set E  E is -torsion-free
4indecomposable injective .
After presenting in Section 0 the basic terminology and notation used
throughout the paper, we introduce in Section 1 another condition, la-
Ž .belled †† , on a hereditary torsion theory  on Mod-R and discuss its
Ž .relationship with † .
In Section 2, we relativize a series of results on the structure of
 -injective modules established in 15 for rings with Krull dimension. In
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Ž .particular, we show Theorem 2.9 that for a ring R with -Krull dimension
Ž .   Ž .and † , the assignment E Ass E induces a bijection between the set
of isomorphism classes of -torsion-free indecomposable -injective mod-
ules E and the set of minimal -closed prime ideals of R.
Tame modules play an important role in the theory of localizations of
noetherian rings. The concept can be extended to general rings, although
two variants emerge whose relationship is discussed in Section 3; in
particular, we show that they are equivalent for rings with -Krull dimen-
sion.
The bijective -Gabriel correspondence is introduced in Section 4.
  Ž .It requires that for a ring R the map E Ass E from the set
Ž .Spec Mod-R,  of isomorphism classes of -torsion-free indecomposable
Ž .injective modules to the set Spec R of -closed prime ideals is well-de-
fined and bijective. If this condition is imposed on a ring R with -Krull
Ž . Ždimension, then † is an implicit consequence. The main result Theorem
.4.6 of this section provides various characterizations of the bijective
-Gabriel correspondence for rings with -Krull dimension; it holds, for
example, if and only if all -torsion-free modules are tame.
In Section 5, we investigate the relationship between the -Krull dimen-
sion and the classical -Krull dimension of a ring R with -Krull dimension
Ž .and bijective -Gabriel correspondence. It is shown Theorem 5.4 that the
two dimensions differ by at most 1 and that they are equal whenever R is
Ž .either right fully -bounded with † or right -noetherian.
Section 6 deals with -modules over a ring R with -Krull dimension.
Ž . Ž .We prove Theorem 6.6 that if such a ring satisfies † , then every
Ž-torsion-free right R-module with finite assassinator resp. with -Krull
. Ž .dimension is a -module if and only if Spec R satisfies the right
Ž .restricted resp. -restricted strong second layer condition and either R
has bijective -Gabriel correspondence or R is right fully -bounded.
0. TERMINOLOGY, NOTATION, AND PRELIMINARIES
All rings considered are associative with unit element 1 0; modules
are unital right modules. By ‘‘ideal’’ we shall mean a two-sided ideal. For
 standard terminology we refer the reader to 14, 17 .
If R is a ring, then Mod-R denotes the category of all right R-modules.
Ž .We often write M to emphasize that M is a right R-module; L M , orR R
Ž .just L M , stands for the lattice of all submodules of M. The notation
Ž . Ž .NM NM means that N is a proper submodule of M. If N is an
essential submodule of M, then we write N M. Whenever we want toess
Ž .indicate that X is merely a proper subset of Y, then we shall use X Y
Ž .X Y .
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Let M	Mod-R, let XM, and let Y R. Set
 4r X  r	 R  Xr
 0 
 annihilator of X in R ,Ž .R
 4l Y  m	M mY
 0 
 annihilator of Y in M .Ž .M
Ž .  4Note that l Y M if and only Y is a left ideal of R. If X
 x , . . . , xM 1 n
 4 Ž . Ž .and Y
 y , . . . , y , then we write r x , . . . , x and l y , . . . , y for1 m R 1 n M 1 m
Ž . Ž .r X and l Y , respectively. Subscripts are deleted if there is no dangerR M
of ambiguity.
Ž .  Ž . 4Set A M  r X  XM . The module M is a -moduleR R
Ž . Ž Ž . . Ž .-module if the poset A M , is noetherian artinian ; i.e., it satisfiesR
Ž . Ž .the ACC DCC . An injective -module -module is called -injectie
Ž .-injectie . A subset XM is said to be finitely annihilated if thereR
Ž . Ž .exist finitely many elements x , . . . , x 	 X such that r X 
 r x , . . . , x .1 k 1 k
It is easy to see that M is a -module if and only if each of its nonempty
subsets is finitely annihilated.
A prime ideal P of R is associated with the right R-module M if there
Ž .exists a submodule 0NM such that P
 r N for any 0NN.
The set of associated prime ideals of M is called the assassinator of M; it
Ž . Ž . Ž .  4is denoted by Ass M , or simply by Ass M . If Ass M 
 P , then M isR
Ž .called P-primary and, by abuse of notation, we often write Ass M 
 P. If
Ž . Ž .Ass M 
 P
 r M , then M is called a P-prime module.
Ž .Throughout, 
 T, F is a fixed hereditary torsion theory on Mod-R,
Ž .and  M denotes the -torsion submodule of a right R-module M. Note
Ž . Ž .that  R 
  R is an ideal of R. The letters  and o stand for theR
 4torsion theories with torsion classes T
Mod-R and T
 0 , respectively.
We tacitly assume that   , since our results are either trivial or
vacuously true for  .
Ž . Ž .A submodule N of M is -dense in M if  MN 
MN; i.e., if
Ž .MN is -torsion. It is -closed if  MN 
 0; i.e., if MN is -torsion-
Ž . free. The -closure of N in M is the submodule N
 C N CM,
Ž . 4 MC 
 0 . It is the smallest -closed submodule of M that contains N
and also is the largest submodule of M in which N is -dense. The set
 4D R D
 R of -dense right ideals is called the Gabriel filter associ-R
ated with  . Basic torsion-theoretic results can be found in 3, 7, 16, and
17 .
We also use the following notation.
E M 
 E M 
 injective hull of M	Mod-RŽ . Ž .R
 E 
 isomorphism class of the injective right R-module E
 Spec Mod-R,  
 E  E -torsion-free indecomposable injective 4Ž .
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Sat M 
 lattice of all -closed submodules of MŽ . R R
Sat R 
 Sat RŽ . Ž .  R
Spec R 
 set of all prime ideals of RŽ .
Spec R 
 Spec R  Sat RŽ . Ž . Ž . 

 set of all -closed prime ideals of R
Specg R 
 P	 Spec R  RP is a right Goldie ring 4Ž . Ž .
N R 
 -closed prime radical of R
 PŽ . P	Spec Ž R.
Min R 
 set of all minimal elements of the poset Spec R ,Ž . Ž .Ž . 
Ming R 
 set of all minimal elements of the poset Specg R , .Ž . Ž .Ž .
Ž  . Ž .It is well-known see e.g., 17, Proposition 4.1, p. 207 that Sat M is an
Ž .upper continuous modular lattice. Note that any P	 Spec R contains an
Ž .element in Min R .
Ž . Ž .A module M is said to be -artinian -noetherian if Sat M is artinianR 
Ž . Ž .noetherian . The ring R is -artinian -noetherian if R is -artinianR
Ž . Ž .-noetherian . The -Krull dimension k M of a right R-module M is the
Ž . Ž Ž .. Ž .Krull dimension or deiation K dim Sat M of the poset Sat M . Thus, 
Ž . Ž .k M 
1 if and only if M is -torsion, and k M 
  for an ordinal 
Ž . 0 if k M   and, given any descending chain
M C  C    C  C  1 2 i i1
Ž . Ž .of -closed submodules, k C C   for all but finitely many i. i i1
Ž . Ž .Note that if 
 o i.e., all right R-modules are torsion-free , then k M
Ž . Ž Ž ..
 K dim M  K dim L M is the usual Krull dimension of the module
Ž . Ž .M. If k R  k R is defined, then R is said to be a ring with -Krull  R
Ž .dimension. Note that if R and M have -Krull dimension, then k M R 
Ž .k R . A module M 0 is called -critical if it is -torsion-free with -Krull
Ž . Ž .dimension and k MN  k M for every 0NM. A -critical 
Ž .module M with k M 
  is called --critical. It is easy to see that a
-torsion-free module M with -Krull dimension contains a 	--critical
Ž .submodule, where 	 k M .
On one occasion, we also use the Gabriel dimension, denoted by G dim,
of rings and modules. For basic results concerning this invariant we refer
 the reader to 9, 16 .
Ž .If I is an ideal of R, then  
 T , F stands for the torsion theory co-I I I
Ž . I Ž I I .generated by E RI . In contrast,  
 T , F denotes the direct imageR
Ž . Ž . I  Ž . 4of 
 T, F in Mod- RI , where T 
 M	Mod- RI M 	 T .R
Whenever there is no danger of confusion, we shall denote the induced
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I Ž .torsion theory  by  as well. Note that if M	Mod- RI , then
Ž . Ž . Ž . Ž .I ISat M 
 Sat M ; so, in particular, k M 
 k M , which R I  R  R I  R
will be used frequently, without further mention.
The torsion theory  is said to be ideal inariant if, for every ideal I and
every -dense right ideal D of R, the right R-module IDI is -torsion.
Obviously,  has this property whenever R is commutative. Characteriza-
tions and more information about these torsion theories can be found in
 2, Section 6 . Most of the results presented in this paper hold for ideal
invariant torsion theories, due to the following result.
 THEOREM 0.1 2, Corollary 6.5 . If R is a ring with -Krull dimension,
where  is an ideal inariant hereditary torsion theory on Mod-R, then
Ž .Ass M  for all 0M	 F.
Ž . Remarks 0.2. 1 For a commutative ring, Theorem 0.1 gives 4, Lemma
1.4 as a corollary. Also, 
 o is trivially ideal invariant; so we recover the
  Ž .well-known result, 8, Theorem 8.3 , that Ass M  for a nonzero
module M over a ring with Krull dimension.
Ž .2 The hypothesis ‘‘ is ideal inariant’’ is not necessary to ensure that
Ž .Ass M  for all 0M	 F; indeed, the latter holds for any right
-noetherian ring. It is still an open problem whether this hypothesis can
be removed from Theorem 0.1, although it can be weakened to, for
Ž .example, the assumption that N RI is nilpotent for every -closed ideal
Ž  .I of R see 2, Theorem 6.4 and Proposition 5.2 .
Ž .3 The condition ‘‘R has -Krull dimension’’ is also not necessary for the
assertion in Theorem 0.1; any commutative ring R which has Gabriel
Ž .dimension but not Krull dimension provides an example.
Ž . Ž .1. THE CONDITIONS † AND ††
The purpose of this section is to discuss the relationship between two
conditions on a given hereditary torsion theory  on Mod-R that postulate
the existence of certain -closed prime ideals attached to -torsion-free
right R-modules.
LEMMA 1.1. If I is a -closed semiprime ideal of the ring R with -Krull
dimension, then RI is a right Goldie ring.
   Proof. See 6, Proposition 2 or 16, Proposition 7.3.9 .
LEMMA 1.2. If R is a prime ring with -Krull dimension and R	 F, then
Ž . Ž .k RI  k R for any ideal I 0 of R. 
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 Proof. By 16, Proposition 7.3.9 we have
k R 
 sup k RE  1  E	 Sat R and E R . 4Ž . Ž . Ž .   ess R
Ž .Nonzero ideals of a prime ring are essential as right ideals; so k RI 

Ž . Ž .k RI  k R . 
Ž .PROPOSITION 1.3. If R has -Krull dimension, then Spec R is a noethe-
rian poset.
Ž .Proof. Let P , P 	 Spec R with P  P . Then P P is a nonzero1 2  1 2 2 1
ideal of the -torsion-free prime ring RP with -Krull dimension; so1
Ž . ŽŽ . Ž .. Ž .k RP 
 k RP  P P  k RP by Lemma 1.2. Conse- 2  1 2 1  1
quently, a strictly ascending chain of -closed prime ideals leads to a
strictly decreasing sequence of ordinals. Since the latter must be finite, the
assertion follows.
Now, consider the following conditions for the torsion theory  on
Mod-R.
Ž .† Ass M  for eery nonzero -torsion-free module M .Ž . R
†† For eery -critical module C , there exists 0D C such thatŽ . R
r D 	 Spec R .Ž . Ž .R
Ž . Ž .Note that both † and †† are preserved when passing to a factor ring
Ž . Ž .RI. At first glance, † appears to be more restrictive than †† ; in fact,
this is true, as the following example shows.
 EXAMPLE 1.4. Let F X , X , . . . be the commutative polynomial ring1 2
in countably infinitely many indeterminates over a field F. Let I be the
 2 4  ideal generated by X  i
 1, 2, . . . and set R F X , X , . . . I. Let xi 1 2 i
be the canonical image of X in R. Then the ideal P generated byi
 4x  i
 1, 2, . . . is the unique prime ideal of R. Consider the hereditaryi
Ž . torsion theory 
 T, F on Mod-R, where T
 M	Mod-R M has
4 Ž .Gabriel dimension . We establish that †† holds vacuously by showing that
no -critical modules exist. Suppose that there are nonzero -torsion-free
modules with -Krull dimension. Choose 1 to be minimal among
the ordinals that arise as their -Krull dimensions, and let C 0 be
Ž . Ž .--critical. For any 0N C we have that k CN  k C 
  ; so, 
Ž . Ž .by the minimality of  , k CN 
 k CN 
1, which means that 
every proper homomorphic image of C has Gabriel dimension; hence so
  Ž Ž .does C by 16, Corollary 3.4.5 in fact, G dim C  
 1, where 


 Ž . 4.sup G dim CN  0N C . Thus, 0 C	 T F
 0, which is a
contradiction.
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Ž .Now, R is a commutative ring with cl.K dim R 
 0. Suppose that R
 has Gabriel dimension, say  . By 9, Theorem 3.4 , 
 1; so R is
semi-artinian and hence contains a nonzero simple submodule S
 fR.
Ž . Ž .Since P is the only prime ideal, r f 
 r S 
 P; so fx 
 0 for eachR R i
i 0. But then the definition of I would force x to be a factor of f fori
every i, which cannot be. Therefore, R does not have Gabriel dimension;
Ž . Ž .hence 0 R R 	 F. Now, any prime ideal associated with R R
would have to be -closed. But the unique prime ideal P of R is -dense,
Ž Ž .. Ž .since RP F has Gabriel dimension. Thus, Ass R R 
; so †
fails for R.
However, for rings with -Krull dimension no distinction exists between
Ž . Ž .† and †† .
Ž . Ž .PROPOSITION 1.5. If the ring R has -Krull dimension, then † and ††
are equialent.
Ž . Ž . Ž . Ž .Proof. Since † trivially implies †† , we assume †† and show † . Let
Ž .0M	 F. Since R has -Krull dimension, M has nonzero e.g., cyclic
submodules with -Krull dimension, and these contain -critical submod-
 4ules. In the set C 0 EM  E is -critical , choose C such that
Ž Ž ..  Ž Ž .. 4 k Rr C is minimal in the set of ordinals k Rr E  E	C . R  R
Ž . Ž . Ž .By †† , there exists 0D C with r D 
 P	 Spec R . Note thatR
D Ž . Ž .RP	 F, since RPD . Clearly, D	C and r C  P; so k RPR 
Ž Ž ..
 k Rr C 
  by the minimality of  . Now, let 0DD and R
Ž . Ž Ž .. Ž .suppose that P r D ; so we would get k Rr D  k RP 
 R  
by Lemma 1.2. Since D	C , this contradicts the minimality of  .
Ž . Ž . Ž .Therefore, r D 
 P for all 0DD; hence P
Ass D 
Ass CR
Ž .Ass M , as desired.
2. -INJECTIVE MODULES
ŽThe aim of this section is to relativize with respect to a hereditary
Ž ..torsion theory  satisfying † some results that have been established in
 15 for rings with Krull dimension.
DEFINITION 2.1. A right R-module M is k -homogeneous if M has
Ž . Ž .-Krull dimension and k N 
 k M for any NM with N T. The 
ring R is k -homogeneous if R is k -homogeneous. R 
 In 13 , a k -homogeneous module is called -smooth.
LEMMA 2.2. A -torsion-free prime ring R with -Krull dimension is
k -homogeneous.
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Proof. Let 0 A R . Standard basic properties of -Krull dimensionR
give
k A  k RA 
 k xA 
 sup k xA 4Ž . Ž . Ž .Ý   ž /
x	Rx	R

 sup k A r x  A  k A ; 4Ž . Ž .Ž .Ž . 
x	R
Ž . Ž . Ž . Ž .so k A 
 k RA . Since RA is a nonzero ideal, k RRA  k R by   
Ž .  Ž . Ž .4 Ž . Ž .Lemma 1.2. Thus, k R 
max k RA , k RRA 
 k RA 
 k A ,    
as required.
Ž  .PROPOSITION 2.3 cf. 15, Proposition 2.1 . Let R be a ring with -Krull
Ž .dimension and †† . Then the following statements hold.
Ž . Ž . Ž .1 If P	Min R , then E RP is -injectie. R
Ž . Ž . Ž .2 If C	 F is --critical with 
 k R , then E C is -injectie. R
Ž . Ž .Proof. 1 Let  
 T , F be the torsion theory cogenerated byP P P
Ž . Ž .E RP . Since annihilators of nonempty subsets of E RP are  -R R P
closed right ideals of R, the assertion will follow if we can prove that R is
 -artinian. We first establish that R is  -semi-artinian by showing thatP P
Ž .any module 0 X	 F contains a 0- -critical or  -simple submodule.P P P
Now, F  F; so X is -torsion-free; hence X contains a -criticalP
Ž . Ž .submodule C. By †† , there exists 0D C such that r D 
R
Ž .Q 	 Spec R . As D is  -torsion-free, there exists 0  f 	 P
Ž Ž .. Ž . Ž .Hom D, E RP . It follows from RP  E RP thatR R R ess R
Ž . Ž .f D  RP  0; henceR
Q
 r D  r f D  RP 
 P ,Ž . Ž . Ž .Ž .RR R
Ž .so that Q
 P, since P	Min R . By Lemma 2.2, RP is k -homoge- 
neous; so we get
k RP 
 k f D  RP  k D  k RQ 
 k RP .Ž . Ž . Ž . Ž . Ž . Ž .Ž .R    
Ž . Ž .Thus, k D 
 k RP . Let 0DD and suppose that DD T .  P
Ž Ž ..Then there exists 0 	Hom DD, E RP . Since RP is k -ho-R R 
mogeneous and D is -critical, it follows that
k RP 
 k  DD  RPŽ . Ž . Ž .Ž .R 
 k DD  k D 
 k RP ,Ž . Ž . Ž .  
which is a contradiction. Therefore, DD is  -torsion; so D is indeed aP
0- -critical submodule of X. Thus, we have shown that R is  -semi-P P
artinian.
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Finally, R has  -Krull dimension, since R has -Krull dimension andP
  Ž .F  F. Now apply 16, Theorem 3.2.9 to the lattice Sat R in order toP  RP
Ž .conclude that k R 
 0; that is, R is  -artinian. PP
Ž . Ž . Ž . Ž .2 By †† , there exists 0D C with  D 
 P	 Spec R .R 
Then,

 k C 
 k D  k RP  k R 
  ;Ž . Ž . Ž . Ž .   
Ž . Ž .so k RP 
 k R 
  , and it follows from Lemma 1.2 that P	 
Ž . Ž . Ž .Min R . Therefore, E RP is -injective by 1 . We now finish the R
Ž . Ž .proof by showing that E C  E RP . For this, let UP be a -criticalR
submodule of RP. Note that UP is --critical, since RP is k -homo-
Ž .geneous by Lemma 2.2. Since r D 
 PU, there exists 0 d	D withR
Ž . Ž .dU 0. Obviously, P r d U
 r d , but this inclusion cannot beR U
proper; for otherwise

 k D 
 k dU 
 k Ur d  k UP 
  ,Ž . Ž . Ž . Ž .Ž .   U 
Ž .which is a contradiction. Therefore, dUUr d 
UP; henceU
E C 
 E D 
 E dU  E UP  E RP ,Ž . Ž . Ž . Ž . Ž .R R
which concludes the argument.
 The next lemma shows that Proposition 2.3 implies 6, Proposition 6 ,
which Beachy proved by using quotient categories. In fact, in view of
Ž .Proposition 1.5, Beachy’s result is equivalent to Proposition 2.3 1 .
Ž .LEMMA 2.4. Let R be a ring with -Krull dimension. Then Min R 

Ž .Ming R .
Ž . Ž .Proof. Let P	Min R . Then RP	 F; so P	 Specg R by Lemma
Ž . Ž .1.1. We have to show that P	Ming R . For this, let Q	 Specg R with
 Q P. By 3, Lemma 11.23 , Q is either -dense or -closed in R. If Q
were -dense, it would follow that RP	 T; hence RP	 T F
 0,
Ž .that is, P
 R, which is a contradiction. Therefore, Q	 Spec R . Since
Ž .Q P and P	Min R , we deduce that Q
 P, and consequently P	
Ž .Ming R .
Ž . Ž .Conversely, if P	Ming R , let Q	 Spec R with Q P. Then Q	
Ž . Ž .Specg R by Lemma 1.1. Hence Q
 P, which shows that P	Min R .
Next, we present several other consequences of Proposition 2.3. All of
Ž .them are relativizations of similar results established for rings with right
 Krull dimension; their proofs are based on the corresponding ones in 15 .
COROLLARY 2.5. Let R be a ring with -Krull dimension, and assume that
Ž . satisfies † . Then the following statements hold.
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Ž . Ž Ž ..1 E RN R is a -injectie module.R 
Ž .2 Any module M with -Krull dimension is noetherian with respectR
Ž Ž ..to the torsion theory cogenerated by E RN R .R 
Ž . Ž ..Proof. 1 Since RN R is a semiprime right Goldie ring by Lemma
Ž . Ž Ž .. Ž .1.1, Min R is finite; so E RN R  E RP . Thus, R  RP	Min Ž R.Ž Ž .. Ž .E RN R is -injective, since E RP is -injective for all P	R  R
Ž . Ž .Min R by Proposition 2.3 1 .
Ž .  For 2 , reason as in 15, Corollaire 2.2
COROLLARY 2.6. Let R be a ring with -Krull dimension, and assume that
Ž . Ž . satisfies † . Then E M is -injectie for any k -homogeneous moduleR 
Ž . Ž .M 	 F with k M 
 k R .R  
 Proof. By 6, Lemma 1 , M has finite uniform dimension; hence, using
  Ž .16, Corollary 3.2.7 applied to the lattice Sat M , one deduces that M is
an essential extension of a finite direct sum of --critical modules, where
Ž . Ž .
 k R . Now apply Proposition 2.3 2 .
Ž .COROLLARY 2.7. A -torsion-free k -homogeneous ring R that satisfies †
is right Goldie.
Ž .Proof. By Corollary 2.6, E R is -injective and hence also -injectiveR
 by 3, Theorem 11.4 ; so R is a -module. Together with the fact that as aR
-torsion-free module with -Krull dimension R has finite uniform di-R
mension, this proves the assertion.
The next result will be used frequently in the sequel.
Ž .LEMMA 2.8. Let R be a ring with -Krull dimension, and let P	 Spec R .
Then there exists a -torsion-free indecomposable injectie right R-module EP
Ž . nsuch that E RP  E for some integer n 1.R P
Proof. By Lemma 1.1, RP is right Goldie; so it is an essential
extension of a finite direct sum of uniform right ideals UP, i
 1, . . . , n.i
 Since the UP are subisomorphic by 14, Corollary 3.3.3 , their injectivei
Ž . Ž .hulls E UP are isomorphic. Set E  E UP and observe thatR i P R i
n nŽ . Ž .E RP  E UP  E .R R i Pi
1
THEOREM 2.9. Let R be a ring with -Krull dimension, and assume that 
Ž .   Ž .satisfies † . Then the map E Ass E induces a bijectie correspondence
between the set of all isomorphism classes of -torsion-free indecomposable
Ž .-injectie right R-modules and the set Min R .
Proof. Let E be a -torsion-free indecomposable -injective right
Ž .R-module with assassinator P	 Spec R . Since nonempty subsets of E
m Ž . mare finitely annihilated, RP E and hence E RP  E for someR
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Ž .positive integer m; so E RP is -injective. Furthermore, sinceR
Ž . nE RP  E for some integer n 1 by Lemma 2.8, it follows thatR P
E E .P
Ž . Ž .Next, we claim that P	Min R . To see this, let Q	 Spec R with 
Ž .Q P. By Lemma 1.1, we have Q	 Specg R ; hence Q is either  -closedP
 or  -dense in R by 3, Lemma 11.23 . But Q cannot be  -dense, forP R P
otherwise RP	 T  F 
 0, which is a contradiction. Therefore, RQP P
	 F ; so RQ embeds in a direct product of copies of the cogeneratorP
Ž . Ž .E RP of the  -torsion-free class F . Since E RP has been shownR P P R
Ž Ž .. sto be a -module, RQ E RP for some integer s 1. Therefore,R
s 4  4Q 
Ass RQ Ass E RP 
 P ;Ž . Ž .Ž .Ž .R
hence Q
 P, which proves our claim. So far, we have shown that the map
  : E  E -torsion-free indecomposable -injective Min R , 4 Ž .
Ž . Ž .where  E 
Ass E , is an injective map.
Ž . Ž .Now, choose any P	Min R . Then E RP is -injective by Propo- R
Ž . nsition 2.3. Since E RP  E by Lemma 2.8, E is -injective as well.R P P
As
 P
Ass E RP 
Ass E 
  E ,Ž . Ž .Ž . Ž .R P P
this proves that  is also a surjective map.
Note that any torsion theory  on Mod-R such that R is -noetherian
Ž .  satisfies condition † by 3, Lemma 9.1 . In particular, this holds if R is
Ž -artinian in view of the TeplyMiller Theorem see e.g. 3, Theorem
.7.11 . So, we have the next two results.
 COROLLARY 2.10 3, Proposition 11.26 . The following hold for a right
-artinan ring R.
Ž . Ž . Ž .1 Spec R 
Min R . 
Ž .   Ž . Ž .2 The map E Ass E is a bijection from Spec Mod-R,  onto
Ž .Spec R ; i.e., using the terminology of Section 4, the ring R has bijectie
-Gabriel correspondence.
Ž . Ž .Proof. 1 Clearly, R is -artinian if and only if k R 
 0. Hence, by
Ž . Ž .using Lemma 1.2, we deduce that Spec R 
Min R . 
Ž .2 Since R is -artinian, every -torsion-free right R-module is a
-module. Now apply Theorem 2.9.
 The final result of this section is a relativization of 3, Corollary 11.27 .
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COROLLARY 2.11. If R is a right -noetherian ring, then there exists a
Ž .bijectie correspondence between the set Min R and the set of all isomor-
phism classes of -torsion-free indecomposable -injectie right R-modules.
3. TAME MODULES
 The concept of a tame module was introduced by Jategaonkar 10 , but
only for right noetherian rings. It has been extended to right -noetherian
  Ž .rings in 11 , where two formally different but still equivalent forms were
used. However, in the most general case, two distinct versions emerge, and
the purpose of this section is to clarify their relationship.
DEFINITION 3.1. The uniform right R-module U is
Ž . Ž . Ž . Ž .i P-tame if Ass U 
 P	 Spec R and, for any 0 u	 l P ,U
Ž . Ž .the annihilator r u is not essential over P; that is, r u P is not an
essential right ideal of RP;
Ž .ii tame if it is P-tame for some prime ideal P.
Ž .Note that a uniform P-primary module U is P-tame if and only if l PU
is nonsingular as a right RP-module.
LEMMA 3.2. Let P be a prime ideal of R such that RP is right Goldie.
Then the following conditions are equialent for a uniform right R-module U.
Ž .a U is P-tame.
Ž . Ž .b E U is P-tame.
Ž . Ž . Žc E U  E 
 the unique indecomposable injectie direct sum-P
Ž ..mand of E RP .R
Ž . Ž . Ž Ž .. Ž . Ž .Proof. a  b . Since Ass E U 
Ass U 
 P, the module E U is
Ž . Ž .P-primary. Let 0 x	 l P and assume that r x P RP. SinceEŽU . ess
Ž . Ž . Ž .l P  E U , there exists an element a	 R  r x such that 0 xa	U ess
Ž .  Ž .4l P . However, the right ideal B b	 R  ab	 r x is essential overU
Ž . Ž .P and B r xa ; so r xa is essential over P. Since we assume that U is
P-tame, this gives a contradiction.
Ž . Ž . Ž . Ž .b  a . Since l P  l P , this is immediate.U E ŽU .
Ž . Ž . Ž . Ž .b  c . Choose 0 u	 l P . Since r u is not essential over P,E ŽU .
Ž .there exists a right ideal A of R such that P A and r u  A
 P.
Therefore, as right R-modules,
A AP
 A A r u  uA E U ;Ž . Ž .Ž .
Ž . Ž . Ž .so E U  E A  E since E U is indecomposable.P
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Ž . Ž . Ž . Ž .c  a . Since E U  E  E VP for a uniform right ideal VPP R
Ž . Ž .of RP and since the equivalence of a and b has already been
established, it is sufficient to show that VP is tame. Let 0   P	
Ž . Ž .  4l P 
 VP, set A r   P 
 a	 R  a	 P , and suppose thatVP R
AP RP. By Goldie’s Theorem, there exists an element c	 A thatess
is regular modulo P. Since c	 P and  P, this is a contradiction.
Ž . Ž .Remark 3.3. Note that a  b holds without the assumption that
Ž .RP is right Goldie. It also remains true that E U is isomorphic to an
Ž .indecomposable injective direct summand of E RP , although this needR
no longer be unique.
DEFINITION 3.4. A right R-module M is
Ž . Ž .i weakly tame weakly P-tame if every uniform submodule of M is
Ž .tame P-tame ;
Ž . Ž .ii tame P-tame if M is an essential extension of a direct sum of
Ž .tame P-tame uniform modules;
Ž . Ž . Ž .iii X-tame for  X Spec R , if M is tame and Ass M  X .
 4Clearly, a module M is P-tame if and only if it is P -tame; it is
Ž .Spec R -tame if and only if it is tame. Note also that a -torsion-free right
Ž .R-module is tame if and only if it is Spec R -tame.
Remark 3.5. A module without nonzero uniform submodules is vacu-
ously weakly tame. The next lemma shows that ‘‘tame’’ implies ‘‘weakly
tame’’ and that the two concepts are equivalent for -torsion-free modules
with -Krull dimension, as those have finite uniform dimension.
LEMMA 3.6. The following conditions are equialent for a nonzero right
R-module M.
Ž .a M is tame.
Ž .b M is weakly tame and eery nonzero submodule of M contains a
nonzero uniform module.
Ž . Ž .Proof. a  b . Assume that M is tame and let N M, whereess
N
 N is a direct sum of tame uniform submodules of M. Letii	 I
U 0 be a uniform submodule of M. Then UN 0; so let 0 u	
 4UN. Now, u
 n  n with n 	N and 1, . . . , k  I. Since the1 k i i
Ž . k Ž . Ž .sum of the N is direct, r u 
 r n . Since Rr u  uRU isi i
1 i
Ž . Ž . Ž .uniform, r u is an irreducible right ideal; so r u 
 r n for somei
1 i k. Therefore
E U 
 E uR  E n R 
 E N .Ž . Ž . Ž . Ž .i i
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Ž .Since N is tame, E N and U are also tame by Lemma 3.2. Thus, Mi i
has been shown to be weakly tame. Now, let 0 SM and choose
0 s	 SN. Then s is contained in a finite direct sum of uniform
submodules; so sR has finite uniform dimension. Therefore, there exists a
uniform module 0U sR S.
Ž . Ž .b  a . Assume that M is weakly tame and that every nonzero
 4submodule of M contains a uniform module. Let U  i	 I be the set ofi
all uniform tame submodules of M. Call a subset J I direct if Ý U isj	 J j
direct. By Zorn’s Lemma, there exists a maximal direct subset J  I.max
Let N
 U . Assume that N is not essential in M, and choosejj	 Jma x
0 XM such that N X
 0. By hypothesis, X contains a uniform
submodule U. Since M is assumed to be weakly tame, U is tame; so U
Ui
 4for some i	 I. But then J  i is a direct subset of I, which contra-max
dicts the maximality of J .max
LEMMA 3.7. Let P be a prime ideal of the ring R, let M be a P-tame right
Ž . Ž .R-module, and let 0m	 l P . Then r m is not essential oer P.M
Ž .Proof. Let U be a direct sum of tame naturally P-tame uniformii	 I
Ž .submodules of M such that  U  M. Then l P  M; soi ess U essi	 I i	 I i
Ž .there exists an element s	 R such that 0ms	 l P . Let ms
Ui	 I i
 4 Ž .u  u , where 1, . . . , n  I and u 	 l P for 1 i n. Note1 n i Ui
Ž .that none of the annihilators r u is essential over P; so the same isi
Ž . n Ž . Ž .true for r ms 
 r u . Assume that r m is essential over P. Theni
1 i
 Ž .4 Ž .A  a	 R  sa	 r m is also essential over P. Since A  r ms , thiss s
is a contradiction.
It is easy to show that both the weakly tame and the X-tame right
R-modules form classes that are closed under submodules, extensions,
direct sums, and essential extensions. However, these classes are generally
not closed under homomorphic images.
LEMMA 3.8. Let R be a prime ring such that R is a -module. Then RR R
is weakly 0-tame.
ŽProof. Let U 0 be a uniform right ideal of R if none exist, then the
.assertion is vacuously true . Suppose that the singular submodule Z
 Ž . 4z	U  r z  R of U is nonzero. As R is assumed to be aess R R R
Ž .-module, r Z is a finite intersection of essential right ideals; henceR
Ž . Ž .r Z  0. Since Z  r Z 
 0 and R is prime, this is a contradiction.R R
Therefore, U is nonsingular; hence 0-tame.R
PROPOSITION 3.9. Let M be a nonzero -module, and assume that forR
Ž .eery 0NM there exists a submodule 0NN such that r N is a
prime ideal. Then M is weakly tame.
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Proof. Let U be a uniform submodule of M, and let 0UU such
Ž . k Ž .that r U 
 P is a prime ideal. Since M is a -module, P
 r ui
1 i
for finitely many elements u 	U. Thus,i
kk
kRP
 R r u  u RU .Ž . i i
i
1i
1
Consequently, RP is a -module with finite uniform dimension. By using
Lemma 3.8, Lemma 3.6, and the fact that tameness is preserved under
Ž .essential extensions, we conclude that E RP is P-tame; hence so is U,R
Ž . Ž .since E U  E RP .R
4. BIJECTIVE -GABRIEL CORRESPONDENCE
 The aim of this section is to show that some results from 5, 8, 11 ,
established for -noetherian rings and rings with Krull dimension, hold
more generally for any ring R with -Krull dimension, where  is a
Ž .hereditary torsion theory on Mod-R satisfying the condition † ; in particu-
lar, they hold whenever  is an ideal invariant torsion theory. We begin by
recalling several concepts that we shall use in the sequel.
 Let R be a ring with -Krull dimension, let E be a -torsion-freeR
indecomposable injective module, and let C be a -critical submodule of
Ž .E. Since E is uniform, k C is independent of the choice of C. This
invariant is therefore called the -critical Krull dimension of E; it will be
Ž .denoted by crk E .
 The ring R is right -bounded if every -closed essential right ideal
contains a nonzero ideal; it is right fully -bounded if all prime factor rings
of R are right -bounded.
 Ž .The ring R is a ring with or which has bijectie -Gabriel correspon-
dence if the assignment
 Spec Mod-R,   Spec R ; E Ass EŽ . Ž . Ž .
   is a well-defined map, which is a bijection. In 5 and 11 , this condition
has been called local bijectie Gabriel correspondence with respect to  .
Obviously, for a ring R to have bijective -Gabriel correspondence, it is
Ž . Ž .necessary for Spec Mod-R,  and Spec R to have the same cardinality.
In particular, a ring fails to have bijective -Gabriel correspondence if one
of the two sets is empty, but the other is not. The examples below illustrate
this.
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Ž .EXAMPLES 4.1. 1 Let R be a rank 1 nondiscrete valuation domain
with its value group the additive group of real numbers, and let M be
Ž . 2the unique maximal ideal of R. Note that M
M and that R has
classical Krull dimension 1. Let  be the torsion theory with torsion class
 4T X  XM
 0 . Let 0 IM and note that MI T since M
R
2 Ž .M . Set KI  MI MI and observe that no nonzero submodule
Ž .of the -torsion-free module MK is annihilated by M; so MAss MK .
Ž .Since MK K
 0 and K 0, the annihilator of a nonzero submodule of
Ž .MK cannot be 0; hence 0Ass MK . As 0 and M are the only primes
Ž . Ž .of R, this means that Ass MK 
; so  does not satisfy † . Since the
Ž .ideals of R are linearly ordered, MK is uniform; so E MK isR
Ž .-torsion-free indecomposable injective. The same is true for E R ; soR
Ž Ž .. Ž .  4 Ž Ž ..card Spec Mod-R,   2. However, Spec R 
 0 ; so card Spec R 
 
1 and therefore R does not have bijective -Gabriel correspondence.
Now pass to the ring R
 RK and use the torsion theory  
  K on
Ž .Mod- RK . Then M
MK is the only prime ideal in R. Since M is
Ž . Ž . -dense in R, it follows that Spec R 
. However, Spec Mod-R,   
 Ž . because M is uniform, so that E M is  -torsion-free indecom-R R
posable injective.
Ž .  42 Consider the ring R
 F X, Y of polynomials in two noncom-
Ž .muting indeterminates X and Y over a field F. Let 
 T, F be the
Ž .Goldie or Lambek torsion theory on Mod-R:
 4T
 T Hom T , E R 
 0 ; F
 M M is nonsingular . 4Ž .Ž .R R R R
Ž .Suppose that Spec Mod-R,  , and let E be a -torsion-free indecom-
posable injective module. Then E is nonsingular; hence it contains a copy
of a principal nonzero right ideal I of R. Since R  I  E, this wouldR R
imply that R has uniform dimension 1. But R has infinite uniformR R
Ž . Ž .  4dimension. Thus, Spec Mod-R,  
. However, Spec R  0 .
LEMMA 4.2. Let R be a ring, and let  be a hereditary torsion theory on
Mod-R. Suppose that eery nonzero -torsion-free right R-module contains a
uniform module  0 and that R has bijectie -Gabriel correspondence. Then
Ž .R satisfies † .
Ž .Proof. The requirement that Ass E  for a -torsion-free inde-
composable injective module E is implicit in the definition of bijective
-Gabriel correspondence. Therefore, if U is uniform, 0UM	 F,
Ž Ž .. Ž . Ž .then Ass E U 
Ass U Ass M .
In particular, rings with -Krull dimension and bijective -Gabriel corre-
Ž .spondence satisfy † ; this fact will be used without further mention from
now on.
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   The next two items extend results from 5 and 8 that were established
for -noetherian rings and rings with Krull dimension, respectively.
Ž .LEMMA 4.3. Let R be a ring with -Krull dimension, and let P	 Spec R .
Then there exists a -torsion-free indecomposable injectie module E, unique
Ž . Ž . Ž .up to isomorphism, such that Ass E 
 P and crk E 
 k RP . 
Proof. Recall that RP is k -homogeneous by Lemma 2.2; so the
Ž .-torsion-free indecomposable injective direct summand E of E RPP R
Ž .see Lemma 2.8 is a module with the desired properties. For uniqueness
up to isomorphism, let E be an arbitrary -torsion-free indecomposable
Ž . Ž . Ž .injective right R-module such that Ass E 
 P and crk E 
 k RP , 
Ž . Ž .and let C be a -critical submodule of E. Since Ass C 
Ass E 
 P,
Ž .there exists a submodule 0D C with r D 
 P. Continue as in theR
Ž . Ž . Ž .proof of Proposition 2.3 2 to obtain an embedding E C  E RP . ItR
Ž .follows from Lemma 2.8 that E
 E C  E .P
PROPOSITION 4.4. The following assertions are equialent for a ring R with
-Krull dimension.
Ž .1 R has bijectie -Gabriel correspondence.
Ž . Ž . Ž . Ž Ž ..2 Ass E  and crk E 
 k RAss E for eery -torsion- 
free indecomposable injectie right R-module E.
Proof. Apply Lemma 4.2 and Lemma 4.3.
 The following is a relative version of the corresponding result from 8 .
Recall that a module is compressible if it can be embedded in each of its
nonzero submodules.
COROLLARY 4.5. Let R be a ring with -Krull dimension and bijectie
-Gabriel correspondence. Then eery nonzero -torsion-free right R-module
contains a compressible module.
Proof. By using Proposition 4.4, the proof is essentially the same as
 that of 8, Corollary 8.7 and is therefore omitted.
 We are now in a position to extend 11, Theorem 3.3 from -noetherian
rings to rings with -Krull dimension.
THEOREM 4.6. The following statements are equialent for a ring R with
-Krull dimension.
Ž .i R has bijectie -Gabriel correspondence.
Ž . Ž . Ž .ii a  is cogenerated by E  RP .R P	Spec Ž R.
Ž . Ž .b Direct products of Spec R -tame right R-modules are tame.
Ž .iii Any nonzero -torsion-free right R-module is tame.
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Ž .iv For any -torsion-free indecomposable injectie module E there
Ž .exists a prime ideal P and a P-prime cyclic submodule eR E with k eR 

Ž .k RP .
Ž . Ž . Ž .Ž .Proof. i  ii . To establish ii a , we need to show that each nonzero
module M	 F embeds in direct product of copies of
E RP .R ž /Ž .P	Spec R
Ž .Since every nonzero submodule of M has a nonzero cyclic submodule
 4with -Krull dimension, there exists a family C of -critical modulesi i	 I
Ž . Ž .such that  C  M. Hence M E  C Ł E C . So it isi ess i i	 I ii	 I i	 I
Ž . Ž .sufficient to show that E C  E  RP for all i	 I.i R P	Spec Ž R.Ž . Ž .Since R satisfies † by Lemma 4.2 and since C is uniform, Ass C 
 Pi i i
Ž . Ž .for some prime P 	 Spec R . Then E C is -torsion-free indecompos-i  i
Ž . Ž .able injective with assassinator P ; so it follows from i that E C  E .i i Pi
Therefore,
E C  E  E RP  E RP .Ž . Ž . i P R i Ri ž /Ž .P	Spec R
Ž .Ž . Ž .For ii b , first note that according to Definition 3.4 a Spec R -tame
Ž .module M is an essential extension of a direct sum of Spec R -tame
uniform modules U . According to Definition 3.1, each U contains a copy 
Ž .of a right ideal of RP , where P 
Ass U . Since RP is -torsion-free,   
Ž . ŽE M is -torsion-free as F is closed under direct sums and essential
. Ž .extensions . Now let N
Ł M , where the M are Spec R -tame. Since	 	 	 
Žeach M is -torsion-free, then so is N as F is closed under direct	
. Ž .Ž .products . As in the proof of ii a ,  C  N, where each C isi ess ii	 I
Ž . Ž . Ž .-critical. By i , E C  E for some P 	 Spec R . By Lemma 3.2, eachi P i i
C is tame; hence the direct sum  C is tame, and so is its essentiali ii	 I
extension N.
Ž . Ž . Ž .Ž .ii  iii . Let M 0 be -torsion-free. By ii a , M embeds in a direct
Ž . Ž .product of modules of the form E RP , where P	 Spec R . SinceR 
Ž .each E RP is P-tame by Lemma 1.1, 2.8, and 3.2, such a product isR
Ž .Ž .tame by ii b . Therefore, M is tame.
Ž . Ž .iii  iv . Let E be -torsion-free injective indecomposable. By hy-
Ž .pothesis, E is tame, say P-tame, where P	 Spec R . Let eR be a cyclic
Ž .P-prime submodule of E; so r e P is not an essential right ideal of RP.
Ž .Since RP is k -homogeneous by Lemma 2.2, it follows that k eR 
 
Ž Ž .. Ž .k Rr e 
 k RP . 
Ž . Ž .iv  i . Let E be a -torsion-free indecomposable injective right
Ž . Ž . Ž .R-module. If P and eR are as provided by iv , then Ass E 
Ass eR 
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Ž .   Ž .P	 Spec R . By 16, Proposition 7.3.9 , r e is not essential over P; so
Ž .Rr e contains a submodule that is isomorphic to a uniform right ideal
Ž . Ž Ž .. Ž .UP of RP. Therefore E
 E eR  E Rr e  E UP 
 E .R P
Clearly, this establishes the bijective -Gabriel correspondence for R.
COROLLARY 4.7. Suppose that R has -Krull dimension and bijectie
-Gabriel correspondence. Then any homomorphic image RI has bijectie
 I-Gabriel correspondence.
Proof. Let M 0 be a  I-torsion-free right RI-module. Then M isR
-torsion-free and hence tame by Theorem 4.6; so M is also tame, andR I
the assertion follows by applying Theorem 4.6 again.
COROLLARY 4.8. Let R be a right fully -bounded ring with -Krull
Ž .dimension and † . Then R has bijectie -Gabriel correspondence.
Ž .Proof. We show that statement iv of Theorem 4.6 holds. For this, let
Ž . Ž .E be -torsion-free indecomposable injective. By † , Ass E 
 P for some
Ž . Ž . Ž . Ž .P	 Spec R . Choose 0 e	 l E such that P
 r eR  r e . Since P
Ž . Ž .r e is -closed and RP is -bounded, r e cannot be essential over P;
Ž . Ž Ž .. Ž .hence k eR 
 k Rr e 
 k RP by Lemma 2.2.  
Remark 4.9. A ring with -Krull dimension and bijective -Gabriel
correspondence is not necessarily right fully -bounded, even if it is
Ž  .noetherian see 11, Example 3.1 .
5. -KRULL DIMENSION AND CLASSICAL
-KRULL DIMENSION
  Ž . Ž .In 8, 12 , it was shown that cl.K dim R 
 K dim R for every rightR
 FBN ring. In 13 , this has been relativized to non -torsion right fully
-bounded rings with Krull dimension by defining the classical Krull
dimension relative to a torsion theory  as follows.
1Ž .Set Spec R 
, and for an ordinal 1 define
Spec RŽ .

 P	 Spec R  PQ	 Spec R Q	 Spec 	 R .Ž . Ž . Ž .  ½ 5
	
 Ž . Ž .If an ordinal  with Spec R 
 Spec R exists, then the smallest such 
ordinal is called the classical -Krull dimension of R; it is denoted by
Ž .cl.K dim R .
 In 13, Theorem 3.2 , it was shown that if R has -Krull dimension,R
Ž . Ž .then R has classical -Krull dimension as well, and cl.K dim R  k R .  R
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  Ž . Ž .In 11, Theorem 3.7 , the equality cl.K dim R 
 k R has been estab- 
lished for a right -noetherian ring R with bijective -Gabriel correspon-
dence. While we cannot fully extend this equality to rings with -Krull
dimension and bijective -Gabriel correspondence, we are nevertheless
able to show that the two dimensions differ by at most 1.
The classical -Krull dimension of a ring is a special instance of the
Ž .more general concept of the classical Krull dimension of a poset X,
 introduced in 1 , which we briefly describe below.
For ordinals 1, define subsets X  X recursively as follows.
Start by setting X 
. Let  0 and suppose that X  X has been1 	
defined for each 	  . Set
X  x	 X   y	 X , x y y	 X . 	½ 5
	
This construction leads to an ascending filtration
X  X  X    X   ,1 0 1 
called the classical Krull filtration of X. Since X is a set, there exists a least
Ž .ordinal 
 X such that X 
 X . Obviously,
 Ž X . 
 Ž X .1
X  X  X has at least one maximal element.
 Ž X . 0
Ž . Ž .The poset X is said to have classical Krull dimension cl.K dim X 
 
 X
if X
 X .
 Ž X .
 LEMMA 5.1 1, Proposition 1.4 . The following assertions are equialent
for a poset X.
Ž .1 X has classical Krull dimension.
Ž .2 X is a noetherian poset.
Now consider a ring R and a hereditary torsion theory  on Mod-R.
  Ž .4 Ž .Observe that the filtration Spec R of Spec R defined at the 1
beginning of this section is nothing else than the classical Krull filtration
Ž .of Spec R .
PROPOSITION 5.2. Let R be a ring, and let r be a hereditary torsion theory
on Mod-R. Then R has classical -Krull dimension if and only if the poset
Ž Ž . .Spec R , is noetherian. In particular, if R has -Krull dimension dimen-
sion, then it has classical -Krull dimension as well.
Proof. Apply Lemma 5.1 and Proposition 1.3.
LEMMA 5.3. Suppose that R has right -Krull dimension and bijectie
-Gabriel correspondence. Let M be a right R-module with -Krull dimension
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Ž . Ž .that is not -torsion. Then there exists  S Spec R such that r M  P
for all P	 S , and
k M 
 sup k RP . 4Ž . Ž . 
P	S
Ž .  Ž . Ž .4In particular, k R 
 sup k RP  P	 Spec R .  
Ž . Ž Ž ..Proof. Since k M 
 k M M , we may assume that M is -tor- 
 4sion-free; so M is tame by Theorem 4.6. Consider the set X N ofi i	 I
-closed submodules N that have the property claimed for M, and let Si i
Ž .denote the respective subsets of Spec R . By Lemmas 1.1, 2.2, and 3.2,
Ž Ž . Ž ..the -closure of any P-prime submodule where P	Ass M  Spec R
is an element of X ; so X. We proceed to show that M	 X .
 4Let N be an ascending chain of modules in X , let N 
 N ,j j	 J u j	 J j
and define S 
 S . If P	 S , then P	 S for some j	 J; sou j	 J j u j
Ž . Ž .  P r N  r N . By 16, Theorem 3.2.9 ,j u
k N 
 k N 
 sup k N 
 sup sup k RP 4Ž . Ž . 4Ž . u  j r j ž /
j	J j	J P	Sj	J j

 sup k RP ; 4Ž .
P	Su
so N 	 X . By Zorn’s Lemma, there exists a -closed submodule N of Mu m
that is maximal in X . Suppose that N M. Since MN is -torsion-freem m
and hence tame by Theorem 4.6, Lemma 3.2 provides a submodule
UN MN that is isomorphic to a uniform right ideal of RQ form m
Ž . Ž . Ž .some Q 	 Spec R . Let N 
 U; so k N N 
 k UN 
 m  m m  m
Ž .  4k RQ by Lemma 2.2. Set S 
 S  Q . Observe that every prime in m m
Ž .S contains r N and thatm m
k N 
max k N N , k N 4Ž . Ž . Ž . m  m m  m

max k RQ , sup k RP 
 sup k RP . 4  4Ž . Ž . Ž .  ½ 5
P	S P	Sm m
Thus, N 	 X , which contradicts the maximality of N .m m
THEOREM 5.4. Let R be a ring with right -Krull dimension and bijectie
-Gabriel correspondence. Then
cl.K dim R  k R  cl.K dim R  1.Ž . Ž . Ž .  R 
Ž . Ž .  Proof. Let k R 
  . Since cl.K dim R   by 13, Theorem 3.2 , 
Ž . Ž .only the second inequality, k R  cl.K dim R  1, has to be estab- R 
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lished. By Corollary 4.7, homomorphic images of R also have bijective
-Gabriel correspondence; so we may assume that R is -torsion-free and
proceed by induction on  . First note that we can reduce to the case in
which R is prime. For, suppose that the desired equality has been
established for all -torsion-free prime factor rings of R. Then, by using
Lemma 5.3, we have that
k R 
 sup k RP  P	 Spec R 4Ž . Ž . Ž .  
 sup cl.K dim RP  1  P	 Spec R 4Ž . Ž . 
 cl.K dim R  1.Ž .
Ž .So let R be prime and -torsion-free with k R 
  . Since the inequality
Ž .holds trivially for 
1, let 1 and assume that k RP 
Ž .cl.K dim RP  1 has been established for every -closed prime ideal P
Ž .  with k RP   . By 16, Proposition 7.3.9 ,
k R 
 sup k RE  1  E	 Sat R , E R . 4Ž . Ž . Ž .   ess R
Ž .  Ž . 4For each such E we have k RE 
 sup k RP  P	 S for some set 
S of -closed prime ideals by Lemma 5.3. Now, for each P	 S we have
Ž . Ž . Ž .that k RP  k RE   ; so P 0. Hence cl.K dim RP   
Ž .cl.K dim R . Therefore, by induction,
k RE 
 sup k RP  P	 S 4Ž . Ž . 
 sup cl.K dim RP  1  P	 S  cl.K dim R ; 4Ž . Ž . 
Ž .  Ž . Ž . 4 Ž .so k R 
 sup k RE  1  E	 Sat R , E R  cl.K dim R   ess R 
1.
Ž . Ž .It is obvious that cl.K dim R 
 k R , whenever the latter is a limit 
Ž .ordinal. This equality also holds if k R  , which is a consequence of
the following result.
PROPOSITION 5.5. The following statements are equialent for a ring R
with right -Krull dimension and bijectie -Gabriel correspondence.
Ž . Ž .a For eery limit ordinal 1  k R , there exists a P	
Ž . Ž .Spec R with k RP 
 . 
Ž . Ž . Ž .b For eery ordinal 1 	 k R , there exists a P	 Spec R 
Ž .with k RP 
 	.
Ž . Ž . Ž .c k R 
 cl.K dim R for eery homomorphic image R of R. 
Ž . Ž . Ž .d k R 
 cl.K dim R for eery prime homomorphic image R of R. 
Ž . Ž . Ž .Proof. a  b . Let 	 k R . If 	 is a limit ordinal, then there is
nothing to prove; so let 	
 
 1. Let M be a right R-module with
Ž .k M 
 	. By Lemma 5.3,
k M 
 sup k RP  P	 S for some subset S Spec R . 4Ž . Ž . Ž .  
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Ž . Ž .Obviously, k RP  	 for all P	 S . If k RP  	 for all P	 S , 
Ž .then k RP  
 for all P	 S , and it would follow that
	
 k M 
 sup k RP  P	 S  
 	 , 4Ž . Ž . 
Ž .which is a contradiction. Therefore, k RP 
 	 for some P	 S .
Ž . Ž .b  c . By Corollary 4.7, the conditions imposed on R are inherited
Ž . Ž .by homomorphic images of R; so only k R 
 cl.K dim R has to be 
established. As in the proof of Theorem 5.4, we may assume that R is
Ž . Ž .prime -torsion-free. Suppose that 	 cl.K dim R  k R , and take 	 
Ž . Ž .minimal with this property. Then k S 
 cl.K dim S for every proper 
Ž .prime factor ring S of R. By b , there exists a -closed prime ideal P 0
Ž . Ž .such that k RP 
 	. By induction, cl.K dim RP 
 	. Since 
Ž . Ž .cl.K dim RP  cl.K dim R 
 	 by the definition of classical -Krull 
dimension, this is a contradiction.
Ž . Ž .c  d . Trivial.
Ž . Ž . Ž .d  a . Let  be a limit ordinal, 1  k R . By Lemma 5.3
Ž .and d ,
 k R 
 sup k RP  P	 Spec R 4Ž . Ž . Ž .  

 sup cl.K dim RP  P	 Spec R ; 4Ž . Ž . 
Ž .so there exist -closed prime ideals P with cl.K dim RP  , and
Proposition 1.3 allows us to choose P maximal with respect to this
property. For any -closed prime ideal Q P, we then have that
Ž . Ž . Ž .cl.K dim RQ  ; hence cl.K dim RP  . Thus, cl.K dim RP 
  
Ž . Ž ., and it follows from d that k RP 
 .
COROLLARY 5.6. Let R be a ring with right -Krull dimension. If
Ž . Ž .i R is right fully -bounded and satisfies † , or
Ž .ii R is right -noetherian with bijectie -Gabriel correspondence,
Ž . Ž .then cl.K dim R 
 k R for eery homomorphic image R of R. 
Ž .Proof. i By Corollary 4.8, R has bijective -Gabriel correspondence.
The result will follow from Proposition 5.5, if, for any limit ordinal
Ž . Ž . k R , a -closed prime ideal P can be found such that k RP 
 . 
Ž . Ž . Ž .Since cl.K dim R  k R  cl.K dim R  1 by Theorem 5.4,   
Ž . Ž .cl.K dim R . By Lemma 1.1, the semiprime -torsion-free ring RN R is 
right Goldie; so R has only finitely many minimal -closed prime ideals P ,i
i
 1, . . . , n. Thus, we obtain
 cl.K dim R 
 cl.K dim RN R  k RN RŽ . Ž . Ž .Ž . Ž .    

 max k RP , 4Ž . i
1in
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 Ž . Ž . 4whence M P	 Spec R  k RP   . Choose P to be maxi-  0
Ž .mal in M. We claim that k RP 
 . For this, let EP be a -closed 0 0
Ž .  Ž .essential right ideal of RP . By Lemma 5.3, k RE 
 sup k RP  P0  
4 Ž .	 S for a set S of -closed prime ideals P r RE . Since R is right
Ž . Ž .fully -bounded, D P r RE  P ; whence k RD P	 S 0 
Ž .k RP , by Lemma 1.2. The ring RD is semiprime right Goldie by 0
Lemma 1.1; so there exists a minimal -closed prime ideal QD of RD,
Ž . Ž .such that k RD 
 k RQ . Since QD P , the maximality of P  0 0
Ž .in M implies that k RQ  . Therefore,
k RE 
 sup k RP  P	 S  k RD 
 k RQ  . 4Ž . Ž . Ž . Ž .   
Ž .Since  is a limit ordinal, k RE  1 , as well; hence
 k RP 
 sup k RE  1  E -closed, EP  RP  , 4Ž . Ž . 0  0 ess 0
which establishes our claim.
Ž .b If R is right -noetherian, then R has right -Krull dimension
Ž . Ž .and satisfies † . Given any 	 k R , there exists a subfactor M of R
Ž .  with k M 
 	 by 14, Proposition 6.1.7 . As a -noetherian module, M
has a 	--critical factor C
MN. By Theorem 4.6, C is P-tame for some
Ž .P	 Spec R ; so C contains a submodule U 0 that is isomorphic to a
Ž . Ž . Ž .uniform right ideal of RP. Consequently, k RP 
 k U 
 k C 
  
	 ; hence the result follows from Proposition 5.5.
6. -MODULES OVER RINGS WITH -KRULL DIMENSION
The aim of this section is to investigate -modules over rings with
 -Krull dimension. We show that a series of results in 11 involving this
concept can be extended from -noetherian rings to rings with -Krull
Ž .dimension that satisfy † .
The facts below will be used in what follows without further comment.
Ž .Let M be a P-tame right R-module, where P	 Spec R .
 M is -torsion-free, because M is an essential extension of a direct
sum of uniform P-tame right R-modules, each of which embeds in
Ž . Ž .E RP see Lemma 3.2 and Remark 3.3 .R
 Ž .l P  M, since  U  M for P-tame uniform submod-M ess i essi	 I
Ž . Ž . Ž .ules U , since l P  U for each i	 I, and since l P  l P .i U ess i U Mi	 Ii i
 Ž . Ž .If R has -Krull dimension, then k N 
 k RP for any sub- 
Ž .module 0N l P with -Krull dimension. This is easily deducedM
from Lemma 3.7 and the fact that RP is k -homogeneous by Lemma 2.2.
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LEMMA 6.1. Let P be a prime ideal of the ring R, and let M be a P-tame
right R-module. If M is a -module, then M I is P-tame for any index set
I.
Proof. By Lemma 3.6, in order to establish that M I is P-tame for an
Ž . Iarbitrary set I, we have to prove i that every uniform submodule of M is
Ž . IP-tame and ii that every nonzero submodule of M contains a uniform
Ž . Ž .submodule. Both i and ii will follow if we can show that every nonzero
I Ž . Icyclic submodule mR of M is P-tame. For this, let m
 m 	M ,i i	 I
where m 	M for all i	 I. Now,i
k
 4r m 
 r m 
 r m 
 r m  i	 I 
 r m ,Ž . Ž . Ž . Ž .Ž .Ž .  i i i ii	I
i	I i
1
 4where 1, . . . , k  I, since M is assumed to be a -module. Thus,
kk
kmR Rr m 
 R r m  m RM .Ž . Ž . i i
i
1i
1
kSince M is P-tame, M is P-tame; so mR is P-tame as well.
The next result shows that the converse holds if R has -Krull dimen-
sion and P is a -closed prime ideal.
PROPOSITION 6.2. Let R be a ring with -Krull dimension, let P	
Ž .Spec R , and let M be a P-tame right R-module. Then the following
statements are equialent.
Ž . Ia M is P-tame for any index set I.
Ž .b M is a -module.
Ž . Ž .Proof. a  b . Let S be a nonempty subset of M. We proceed to
Ž . S Sshow that S is finitely annihilated. Since Rr S M and M is P-tame
Ž .by hypothesis, Rr S is also P-tame. Let
Lr S  l P  Rr S .Ž . Ž . Ž .R r ŽS . ess
Now let s 	 S. If1
A  L r s 
 r S ,Ž . Ž .1 1
Ž . Ž . Ž . Ž .then Lr S  Rr S implies that r s 
 r S , and it is done. Other-ess 1
Ž .wise there exists an element s 	 S such that A  r s . Set2 1 2
A  L r s  r s  A .Ž . Ž .2 1 2 1
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Ž .If A 
 r S , it is done; otherwise continue in this fashion to obtain a2
strictly descending chain of right ideals
L A  A    A  A    r S ,Ž .1 2 i i1
Ž .where A  L r s , s , . . . , s . Note thati 1 2 i
A A 
 A  A  r s  s AŽ .Ž .i i1 i i i1 i1 i
and that
s A P s LP s r S 
 0;Ž .i1 i i1 i1
Ž .so s A  l P . Each s A has -Krull dimension; so the third of thei1 i M i1 i
facts listed before Lemma 6.1 implies that
k A A 
 k s A 
 k RP 
 k Lr SŽ . Ž . Ž . Ž .Ž . i i1  i1 i  
whenever A  A . Thus, it follows from the definition of the -Krulli i1
dimension that the chain of the A ’s has only finitely many properi
Ž . Ž . Ž .inclusions; so A 
 r S for some i; whence r S 
 r s , s , . . . , s sincei 1 2 i
Ž . Ž .Lr S  Rr S . Therefore, every nonempty subset of M is finitelyess
annihilated, which implies that M is a -module.
Ž . Ž .b  a . This is the assertion of Lemma 6.1.
 In 11 , it has been shown that for a right -noetherian ring R the
Ž .condition a of the preceding result is satisfied if and only if P satisfies
the so-called right -restricted strong second layer condition. This condi-
tion was formulated like the strong second layer condition for noetherian
 rings introduced by Jategaonkar in 10 , except that the class of modules
was ‘‘restricted’’ from finitely generated P-primary ones to -noetherian
ŽP-tame ones. Here we modify this condition once more in two different
.  ways and establish analogues of 11, Proposition 5.1 and Theorem 5.2 for
Ž .a ring R with right -Krull dimension that satisfies † .
DEFINITION 6.3. Let R be a ring with right -Krull dimension. A prime
Ž . Ž .ideal P	 Spec R satisfies the right restricted resp. -restricted strong
Žsecond layer condition if, given a right R-module M that is P-tame resp.
. Ž .P-tame with -Krull dimension and a prime annihilator r M 
Q	
Ž .Spec R , then Q
 P.
Ž . ŽA nonempty subset S of Spec R satisfies the right restricted -re-
.stricted strong second layer condition if each P	 S satisfies the respective
condition.
PROPOSITION 6.4. The following statements are equialent for P	
Ž . Ž .Spec R , where R is a ring with -Krull dimension that satisfies † .
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Ž . Ž .a P satisfies the right restricted -restricted strong second layer
condition.
Ž . Ib M is P-tame for any index set I and any right R-module M
Ž .that is P-tame P-tame with -Krull dimension .
Ž . Žc Eery right R-module that is P-tame P-tame with -Krull dimen-
.sion is a -module.
Ž . Žd Eery right R-module that is P-tame P-tame with -Krull dimen-
.sion is finitely annihilated.
Ž . Ž . ŽProof. a  b . Let M be P-tame resp. P-tame with -Krull dimen-R
. Ision . Note that M is -torsion-free; so M is -torsion-free. Let 0m	
I Ž .M . Then mR Rr m is a torsion-free right R-module with -Krull
 dimension; so it has finite uniform dimension by 16, Corollary 7.3.5 .
Therefore, every nonzero submodule of M I contains a uniform submod-
I Ž .ule. Now, let U be a uniform submodule of M . Since † is assumed,
Ž . Ž . Ž . Ž .Ass U ; so let Q
 r uR 	Ass U , where u
 u 	U, u 	Mi i	 I i
for all i	 I. Then
Q
 r u R 
 r u R 
 r u R .Ž . Ž .Ž .  Ýi i ii	I ž /
i	I i	I
ŽAs a submodule of M, Ý u R is P-tame resp. P-tame with -Krulli	 I i
. Ždimension ; so Q
 P, since P satisfies the right restricted resp. -re-
.stricted strong second layer condition. To see that U is P-tame, let
Ž . Ž . Ž .u
 u 	 l P . Since M is P-tame, none of the right ideals r u Pi i	 I U i
Ž . Ž .is essential in RP by Lemma 3.7; so r u 
 r u is not essentiali	 I i
over P either.
Ž . Ž .b  c . This follows from Proposition 6.2.
Ž . Ž .c  d . Trivial.
Ž . Ž . Ž .d  a . Let M be P-tame resp. P-tame with -Krull dimension andR
Ž .assume that r M 
Q is a prime ideal. Since M is finitely annihilated,
Ž . k Ž . k Ž .Q
 r M 
 r m , m 	M; so RQ Rr m , and hencei
1 i i ii
1
k k
k 4Q 
Ass RQ Ass Rr m 
Ass m R Ass MŽ . Ž . Ž . i iž / ž /i
1 i
1
 4
Ass M 
 P ,Ž .
and Q
 P is now trivial.
Ž .Remark 6.5. Proposition 2.3 1 is a corollary of the preceding result.
Ž .For, if P	Min R , then P clearly satisfies the right restricted strong
Ž .second layer condition. Since E RP is P-tame, it is therefore a -R
module.
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For the proof of our final result, note that if R has -Krull dimension
and M is a finitely generated right R-module, then M has -Krullfin fin
Ž . Ž .dimension and k M  k R ; moreover, if E is a -closed right ideal fin 
of R, then RE has -Krull dimension and a finite assassinator.
Ž .THEOREM 6.6. Let R be a ring with -Krull dimension that satisfies † ,
where  is a hereditary torsion theory on Mod-R. Then the following state-
ments are equialent.
Ž . Ž .1 a R has bijectie -Gabriel correspondence.
Ž . Ž . Ž .b Spec R satisfies the right restricted resp. -restricted strong
second layer condition.
Ž . Ž2 Eery -torsion-free right R-module with finite assassinator resp.
.with -Krull dimension is a -module.
Ž . Ž3 Eery -torsion-free right R-module M with finite assassinator resp.
.with -Krull dimension has a finitely generated submodule M such thatfin
Ž . Ž Ž ..k M 
 k Rr M . fin 
Ž . Ž4 Eery -torsion-free right R-module M with finite assassinator resp.
. Ž .with -Krull dimension has a finitely generated submodule M with k Mfin  fin
Ž Ž ..
 cl.K dim Rr M .
Ž . Ž .5 a R is right fully -bounded.
Ž . Ž . Ž .b Spec R satisfies the right restricted resp. -restricted strong
second layer condition.
Ž . Ž .Proof. 1  2 . Let M be a -torsion-free right R-module. The
Ž .Ž .hypothesis 1 a implies that M is tame by Theorem 4.6.
Ž .First, assume that Spec R satisfies the right restricted second layer
Ž .  4condition and that M has finite assassinator, say Ass M 
 P , . . . , P 1 n
Ž .Spec R . Now, M is an essential extension of a direct sum of uniform
Ž . Ž .modules U , each of which has nonempty assassinator Ass U Ass M . 
Ž .For i
 1, . . . , n, let N be the direct sum of the U with Ass U 
 P .i   i
n Ž . Ž .Clearly, M E N . Since each E N is P -tame, it is a -modulei i ii
1
by Proposition 6.4; hence so is M.
Ž .Next, assume that Spec R satisfies the right -restricted second layer
condition and that M has -Krull dimension. Then M has finite uniform
dimension, say k; so there exist -closed submodules N , . . . , N of M such1 k
that 0
 N is an irredundant meet and each U 
MN is uni-1 i k i i i
Ž  .form see e.g., 16, Theorem 1.5.10 . Obviously, each U has -Krulli
Ž .dimension, and since it is P-tame for some P	 Spec R by Theorem 4.6
it is therefore a -module by Proposition 6.4. As Mn U , the sameii
1
holds for M.
Ž . Ž . Ž2  3 . Let M be -torsion-free with finite assassinator resp. withR
. Ž .-Krull dimension . Since M is assumed to be a -module, r M 
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n Ž . n Ž . Ž . r m , m 	M. Let M 
Ý m R, and note that r M 
 r Mi
1 i i fin i
1 i fin
and that M has -Krull dimension. Sincefin
nn
n
Rr M 
 Rr M 
 R r m  m R M ,Ž . Ž . Ž . Ž . fin i i fin
i
1i
1
Ž Ž .. Ž Ž .. Ž . Ž .it follows that k Rr M 
 k Rr M  k M . As k M   fin  fin  fin
Ž Ž ..k Rr M holds in general, the desired equality follows.
Ž . Ž . Ž Ž ..3  4 . Obviously, it suffices to establish k Rr M 

Ž Ž .. Ž .cl.K dim Rr M . This will follow from Corollary 5.6 i , provided that we
can show that R is right fully -bounded. For this, let P be a prime ideal,
and let E be a -closed right ideal that is essential over P. If P is not
-closed, then E P P. Since P is a two-sided ideal, RP is therefore
Ž .right -bounded. If, on the other hand, P is -closed, then k RE 
Ž .k RP , since RP is right Goldie by Lemma 1.1. Since our hypothesis
Ž . Ž . Ž Ž ..implies that k RE  k FE 
 k Rr RE for some finitely gen-  
Ž .erated right ideal F E, it follows that r RE  P.
Ž . Ž . Ž .Ž .4  5 . In order to establish 5 a , let P be a prime ideal of R and
let E be a -closed right ideal that is essential over P. As in the previous
paragraph, E P P, if P is not -closed. So let P be -closed. Again,
Ž . Ž . Ž .observe that k RP  k RE . By hypothesis, k AP 
  
Ž Ž ..cl.K dim Rr RP for some finitely generated right ideal A P. R
Ž . Ž . Ž .Since r AP 
 P and since k AP 
 k RP by Lemma 2.2, itR  
follows that
k RP 
 k AP 
 cl.K dim Rr AP 
 cl.K dim RP .Ž . Ž . Ž . Ž .Ž .   R 
Ž . Ž Ž ..Our hypothesis also implies that k FE 
 cl.K dim Rr RE for 
Ž .some finitely generated right ideal F E. Suppose that r RE 
 P.
Then
k RP  k RE  k FE 
 cl.K dim Rr REŽ . Ž . Ž . Ž .Ž .   

 cl.K dim RP 
 k RP ,Ž . Ž . 
Ž .which is an obvious contradiction. Therefore, r RE  P.
Ž .Ž . Ž . ŽFor 5 b , let P	 Spec R , let M be P-tame resp. P-tame with R
. Ž . Ž .-Krull dimension , and assume that r M 
Q	 Spec R . We proceed
Ž . Ž . Ž Ž ..to show that Q
 P in either case. By 4 , k M 
 cl.K dim Rr M fin 
Ž .for some finitely generated submodule M M. Furthermore, k RQfin 
Ž . Ž .Ž .
 cl.K dim RQ by 5 a and Corollary 5.6. Thus,
k M 
 cl.K dim Rr M 
 cl.K dim RQ 
 k RQ .Ž . Ž . Ž . Ž .Ž . fin   
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Ž . Ž . Ž .We claim that r M 
Q. Indeed, Q
 r M  r M . Assume thatfin fin
Ž .this inclusion is strict. Then, by Lemma 1.2, we would have that k M fin
Ž Ž .. Ž . k Rr M  k RQ , which contradicts the equality above. Since fin 
Ž .Q is a prime ideal, Q
 r mR for some element 0m	M . Note thatfin
Ž . Ž .r m is -closed. Since R is right fully -bounded, r m cannot be essential
Ž .over Q, so that r m  A
Q for some right ideal AQ. Thus,
 4Q 
Ass AQ 
Ass A r m  AŽ . Ž .Ž .Ž .
 4
Ass mA Ass M 
 P ;Ž . Ž .
so Q
 P.
Ž . Ž . Ž .Ž . Ž .Ž .5  1 . By Corollary 4.8, 1 a follows from 5 a .
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